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similar features. Both are triclinic with two substituted
pyrimidine rings per unit cell. The significance tests
have shown that their mean molecular dimensions are
identical. Both are in the triketo configuration with an
equal number of single and double bonds. Perhaps the
most striking feature is the similarity of the puckering
of the ring; the displacements of the atoms being in
the same sense. Even in their physiological actions both
are diabetogenic.

The hydrogen-bonded network, which provides the
attractive forces holding the molecules together in a
compact arrangement, gives rise to comparatively high-
density crystals and shorter than normal van der Waals
approaches. Alloxan has two distinct types of hydrogen
bonds whereas alloxantin has five. The hydrogen-bond-
ed layers in alloxan, separated by }c¢, are interlinked by
hydrogen bonds, whereas in alloxantin such layers,
separated by 1b, are linked only through the C(5)-C’(5)
bond.

There is, however, a fundamental difference in the
substituents at position 5. In alloxan there is a gem-
dihydroxy group, whereas in alloxantin there is only
one hydroxyl group. Alloxantin has two molecules of
water in its structure, while alloxan has none.
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A Theoretical Study of the Least-Squares Refinement of Flexible Long-Chain Molecules,
with Special Reference to a-Helical Structures
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We present the theory of a method of refinement which, like Scheringer’s (1963), uses a minimum number
of parameters, and also gives reason to believe that by partial refinement, i.e. by the use of selected
eigenvectors, it may be possible to refine the main features of a chain at a much earlier stage in the

analysis than is normally possible.

The method starts direct from the atomic coordinates, rather than from a matrix representation of
these; it guarantees the integrity of the chains and preserves all the chemical information (bond angles

etc.) which is implanted in the trial structure.

1. Introduction

Scheringer (1963) has shown clearly the advantages to
be gained by refining certain group parameters des-
cribing the structure in preference to the x, y, z param-

eters of each atom. This approach is justified whenever
one’s foreknowledge of the configuration of various
atomic groupings is more accurate than the results to
be expected from a conventional refinement, or when
the initial coordinates are far enough from the truth to
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raise doubts about convergence. With large molecules
it becomes increasingly difficult to determine x, y and
z as independent variables with satisfactory accuracy
and the choice of some other parameters becomes
imperative; this is partly because the various covalent
bond lengths and angles are likely to be known in
advance to greater accuracy than the values implied by
the independently measured x, y and z, and partly be-
cause the reduction in the number of parameters to be
handled is highly desirable.

It is our first purpose in this paper to lay the ground-
work of a new system of refinement. This system starts
from a set of trial coordinates, which must be con-
structed to be exactly compatible with chemical know-
ledge, and it preserves the implanted chemical infor-
mation during the refinement. This is achieved by re-
garding the angles of rotation about single bonds as the
independent variables so that all bond lengths and
inter-bond angles are conserved during refinement,
without the need to impose constraints, although the
molecule as a whole is flexible. It will also be our pur-
pose to exhibit the characteristics of such a scheme and
to indicate means of dealing with these. Most of what
follows will be related to a-helical peptides for which
it is possible to make an analytical study of these
characteristics, but the underlying principles are equally
relevant to non-helical peptides, or to any other chain.

As is well known, the normal equations of the least-
squares problem may be formulated as

dFT O0F OFT OF
M= [ o ) "
JFT OFT
S AF + o AF (1)

in which AF is a column matrix containing the (com-
plex) quantities (| F,|/|Fe| — 1)Fe, Ap is a column matrix
containing the (real) shifts in the parameters p which
determine the structure and JF/dp is a rectangular
matrix for which the number of rows equals the number
of observations, and the number of columns equals the
number of parameters. The superscript 7" denotes a
transpose and the bar denotes a complex conjugate.
The normal matrix M is real symmetric, being the sum
of a Hermitian matrix and its transpose, and it must
necessarily be inverted implicitly or explicitly if the
matrix Apis to be found. As will soon become apparent,
the matrix M is expected to be ill-conditioned, and to
contain high correlation among the parameters, i.e. the
matrix M is nearly singular. Scheringer (1964) has
shown that high correlation need not necessarily defeat
a least-squares analysis, and Diamond (1956, 1958)
satisfactorily solved a highly correlated problem by the
methods which are outlined below.
If we wish to solve the normal equations

MAp=r

for the parametric shifts Ap [here r represents the right
hand side of equation (1)] then ordinarily one writes

ACI19-6*
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Ap=M-1r

and difficulties will be encountered in evaluating M1
if the determinant of M is small. To combat this situ-
ation we transform our variables to a new set, each of
which is a linear combination of the original param-
eters. These new variables may be constructed to be
uncorrelated, and although they may not all be measur-
able, the elimination of correlation permits the impor-
tant ones to be measured reliably, and the unimportant
and inaccurate ones to be suppressed. This suppression,
or filtering, has the twin advantages of effectively re-
ducing the number of parameters to be handled, and
of excluding spurious detail from the results. Diamond
(1958) describes and illustrates filtering more fully than
can be done here, and in Appendix I we discuss the
connection between correlation coefficients and the rot-
ation of axes to which the transformation corresponds.
The algebra of the process, however, is as follows,

If A is a real orthogonal matrix having the property

AAT=]

the identity matrix, then premultiplying the normal
equations by AT and interposing AAT gives

ATMAATAp=ATr
and
ATAp=(ATMA)'ATr

which is easy to calculate if A is such as to make ATMA
diagonal. In the case of an x-helical structure an exact
orthogonal transformation can be found analytically
which will yield an ATMA which is approximately
diagonalized and has some large and some very small
elements on the diagonal. The elements of ATAp cor-
responding to large elements in ATMA may then be
determined, whilst we choose not to refine those for
which the diagonal elements of ATMA are small because
the agreement between F, and F; is little affected by
them and their accuracy is very low. The elements of
ATAp which have been determined are then premulti-
plied by A to express the shifts in terms of the original
parameters.

Our second purpose, therefore, is to seek a transfor-
mation A which exactly diagonalizes blocks on the
diagonal of an idealized matrix M and will therefore
approximately diagonalize corresponding blocks of an
actual M. It will be found that the geometry of an
a-helix permits such an A to be written down. Once
A is obtained, filtering, which is essential with an ill-
conditioned problem, becomes possible and the inver-
sion of M is greatly facilitated. The transformation
which is found is almost certainly good enough as it
stands to validate the use of the procedure outlined in
§ 7 (where off-diagonal blocks of M are considered)
when working at low resolution with a helical molecular
fragment. At high resolution or in the non-helical case,
numerical diagonalization is called for if the best results
are to be obtained. In any case, it is considered that the
transformation given here illustrates the nature of the
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problem sufficiently well to be worthy of inclusion, as
it shows just what kinds of disturbance the structure is
sensitive to, and how these may be found. The various
simplifying assumptions made in the derivation of A
do not in themselves prejudice the values obtained for
the shifts Ap; they merely enable the crystallographer
to work with those linear combinations of parameters
to which a helical structure is particularly sensitive, and
to ignore those combinations to which it is insensitive
and for which no reliable measurements can be made.

The remainder of the paper is made up as follows.
In § 2 we define our chosen parameters and evaluate the
derivatives dF/dp; in § 3 we estimate a somewhat ideal-
ized matrix M from these derivatives and a simple
representation of an a-helix; in § 4 we find a transfor-
mation A from this M which will also nearly diagonal-
ize a real M; in § 5 we give the physical interpretation
of the transformation so found, from which, it is hoped,
the reader will gain a ‘feel’ for the nature of the pro-
blem; and in the remaining sections we discuss a num-
ber of points arising.

2. The selection of parameters
and the evaluation of derivatives

Suppose four atoms are covalently linked in a chain
and that free rotation is chemically possible about the
bond from atom 2 to atom 3. Then atoms I, 2 and 3
define one plane, 2, 3 and 4 define another, and the
angle between these planes will be called p. In this work
angles of the type p will be the only variables apart from
scale factor, temperature factor and the coordinates
and orientation of the end of the chain, although other
parameters, such as inter-bond angles, may be included
if desired (see § 5). A polypeptide chain contains two
such parameters per peptide; one is between C, and
the carbonyl carbon and the other between the nitro-
gen and the next C, atom. The bond between N and
the carbonyl carbon is not regarded as having a param-
eter associated with it since the peptide grouping is
regarded as planar. A molecule such as myoglobin also
has, on the average, two such parameters per side
chain, not counting the haem group.

A number of writers, notably Eyring (1932), Mizu-
shima (1954), Nagai & Kobayashi (1962), Hughes &
Lauer (1959), and Scheringer (1963) have considered
chain molecules, especially helices, in terms of matrices
which define the rotational relationship between one
link of the chain and the next, or between one link and
a link in a standard orientation, and for such a treat-
ment a knowledge of the angles p is necessary since
they occur implicitly or explicitly in the matrices. In
the present treatment, however, we are not interested
in the actual values of these angles, but only in the
quantities 4p, the amounts by which these angles alter
during refinement. Accordingly the matrices are not
found to be necessary and the angles p need never be
determined (except in so far as they may be considered
interesting in themselves).

LEAST-SQUARES REFINEMENT OF FLEXIBLE LONG-CHAIN MOLECULES

Fig.1 represents schematically a portion of a poly-
peptide chain in which it is supposed that all the bond
lengths and angles have already been made consistent
with chemical knowledge, and it is our purpose, by
modifying only the angles p, to improve the agreement
with X-ray observations. We suppose that the left-hand
end of the molecule is anchored, (though the anchor
itself will be assigned refinable parameters) and con-
sider what happens when a rotation 4p; takes place
about the kth bond, the vector length of this bond
being r; as shown. The sense of this rotation is to be
considered positive if a right handed screw, when given
a positive rotation 4pjy translates in the positive direct-
ion of ry as indicated by the arrow. We divide the
molecule into two parts, a head Hj and a tail 7%, such
that everything in T rotates about the axis rp when
Apy 1s applied, the atoms in the head being unaffected.
Then for the purposes of evaluating the partial deriv-
atives 0F [dpy we consider the tail to wag and the head
to stay still. Vectors such as ry will be referred to as
spindle vectors.

We identify an atom ¢ in the tail by its position vec-
tor R; and the difference vector rx; as shown, and for
analytical purposes these vectors will be referred to
Cartesian axes with components measured in A rather
than in crystallographic fractional coordinates. The
practical use of crystallographic coordinates and the
effects of symmetry are considered in Appendix II.

Now
H+T
F,= X f, exp2niR; . s,
1

in which « denotes a reflexion and ¢ an atom, s, being
the Cartesian reciprocal space vector. If the tail moves,
then

T OF T
oF,= 2> .0R;= X (grad; F,) . 6R;,
¢ ORy ‘

in which grad,F, is a vector in real space whose compo-
nents are dF,/dx;, OF,/0y: and OF,/0z;, x, y and z being
Cartesian. Now R; and ry; differ by a vector which is
constant with respect to pg, so that

SRy =dpxng xriz (2)

H ‘ T

orgm
Fig. 1. Indicating the vectors used to describe the movement
resulting from a rotation px about the bond ri. The chain
represents a polypeptide chain with the solid circles repres-
enting nitrogen and the open circles oxygen.
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[dpr| being assumed small enough to permit this linear
approximation, ngz being a dimensionless unit vector
parallel to rz, and

JF, Ik

5y — 2 (grade ) . (g xTh) .

Pk t
Equation (2), when summed over all parameters in

the head, gives the first-order shift of the atom ¢. Large
rotations (such as may be required in a model-building
programme) may be expressed by writing

o]
6Rg=zl'm
1
where
Ty = L Opk Mk X Py
m
with
Fo=Tgt .

The terms of this vector sum are then analogous to
the terms in the series for sine and cosine. The use of
this series is rapid for small rotations and accurate for
any rotation up to 2.

Now
grad, F, =27mis, f.exp2niR;.s,
OF, Tie
o= =27mis, . (g XTre) foexp2nwi Ry . s,
3171: t
or
JF, Tk
=2mi(s,xng). Xry fexp2niRs.s,
opk t

Fig. 2. Showing the vectors used to express the movement
resulting from a rotation p; about the bond r; in terms of
a rotation px about rx. For a full explanation see text.

Fig. 3. Showing the vectors used to include side chains in
the calculations. The vectors rsx, rsu and rxx play roles
equivalent to rzi, rxe and ri respectively in Fig. 2. In this
example Isg=rjx=Trk.
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ie.
JoF.

@

= 2ni(saxnk) - Qka
Ipk
in which 3)
Tk
Qu.=2rx fruexp2niRs.s,.
I3

ie. Q. is a vector in real space, measurable in e.A,
whose magnitude is complex so that it has six compo-
nents.

Now if p; is the next parameter, moving towards the
head (Fig.2), and ry; is the indicated difference vector,
then

T;
Qu=2ryf,exp2niR;.s,
t

Tk At
=2 (rpe+re) foexp2niRy . s, + Zryfi.exp2niRy . s,
t t

in which 4y is that part of the molecule which is in
T, but not T, i.e.

Q. = Q. +ri F(T)

drr

+2rf.exp2niR;.s,, 4)
z

where F,(T%) is the contribution of T to F,. Thus one
Q may be built upon to provide the next, an essential
prerequisite if the dF,/dpy are to be computed rapidly.
Note also that all the vectors r appearing in these ex-
pressions are directly obtainable from the coordinates
from which we start, and that the quantity F,(T%),
which must also be carried, becomes F, when the end
of the molecule is reached.

Side chains may also be incorporated into the scheme.
Whenever a side chain consisting of more than C; is
encountered, the current value of Q, Q,, say, is shelved
and a fresh start is made at the free end of the side
chain. When all the side chain atoms have been included
the corresponding Q for the side chain is q,, (Fig.3).
The two chains are then united to continue on the
main chain by writing

Qka = Qia+qsoz+rjk Fa(Tf)'*‘rsk sz(s)
djsk
+ Zrpf.exp2niRe.s,
t

and
oF,
opr

=2ni(sa><nk)'Qko¢

as before.

The vector Q,, is, relative to the rotating bond, a
weighted mean position vector of all the atoms in T%,
the weights given to the atoms being f,, exp 27wiR; . s,,
i.e. their contributions to F,. To a first approxim-
ation, (valid especially at low resolution) we may re-
gard Q,, as running towards the centroid of the tail.
If the tail is extensive, however, it is easy to see that
this approximation breaks down, since the weights of
some atoms will be negative, depending on s,. Never-
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theless, useful results can be obtained for the a-helix
by supposing that the tail is a straight piece of a-helix,
so that all the ry; are approximately parallel to the
helix axis whence, for almost any weighting system,
both the real and imaginary parts of Q will be pre-
dominantly parallel (or anti-parallel) to the helix axis.
This would be exactly the case if the atoms in the tail
were strung out along a line, and the assumption that
Q is parallel to the helix axis is equivalent to replacing
the tail by a line structure. We shall make this approx-
imation, however, and return in § 5 to consider its
consequences, which are surprisingly simple and inter-
esting.

3. Estimation of the normal matrix M

The normal matrix M [equation (1)] is twice the real
part of (0FT/dp) . (9F/dp), likewise the right hand side
is twice the real part of JFT/dpAF, and henceforth the
factor 2 will be dropped and we consider only real
parts denoted by the symbol £. The elements of M
are then given by

JoF, OF
My =R X —= ¢
kl « Opx Op1

= R Z4n2[(s,xmp) . Q) [(8:xm) . Q] . (9)

From here until equation (8) we refer only to the
k, I element of M, drop the subscripts on the vectors
and use subscripts to denote components, thus

s; is the ith component of s,
n; is the ith component of ng
n; is the ith component of m;
g: is the real part of the /th component of Q,,
q; is the real part of the ith component of Q,,
p: 1s the imaginary part of the ith component of Q,,
Dy is the imaginary part of the ith component of Q,, .

We also introduce the moduli:
s=lsl, 22=2Xq}, 27=2X¢q?,
i i

F=Ipt, P2=Ip?
and the direction cosines:
fi=a|2, fi=a12, g=pi/?, g&=pi|7" .
In these terms
M= 47z2u28zjk Sty frEtmn St fr . 22

7 ’ 6
+ 472 X gk 81 g 8k Elmn SL My &n « PP’ ©)

in which g is the alternating tensor and the sub-
scripted variables except s; are now direction cosines,
of which the # are constant during the summation over
«, s ranges isotropically over all directions of a sphere,
and the fand g are predominantly the direction cosines
of the direction of the tail.

LEAST-SQUARES REFINEMENT OF FLEXIBLE LONG-CHAIN MOLECULES

If we ignore the minor variations in the direction of
Q as expressed by f and g from one reflexion to an-
other, the first term in equation (6) may then be written
as the product of two tensors

M=T,;Uy
where
Ta = 472 Eijk Elmn N} fk n;,, f;

Uu = Z.S‘i S 29

plus a similar term with g replacing f and & replac-
ing 2.

If the distribution of the scalar 22’ in reciprocal
space is isotropic, then, for any given pair i/ and / with
i#l, the distribution of s;5; 2.2° has four quadrants
which are similar except for alternation of sign. Sum-
mation over a (i.e. all quadrants) then gives zero for
the expected value of Uy, i#/. For i=/ we obtain three
similar terms on the diagonal, for which the trace is
2 5292 hence Uy may be represented by

: Uy = 6.} 2 5229' . )

Closer inspection of the form of 22’ shows that in
fact its distribution is oblate with the unique axis
parallel to the axis of the tail. This is because the ex-
ponential which occurs in the definition of Q [equation
(3)] alternates most slowly when s is perpendicular to
the tail. If this is taken into account, then it may be
shown that the factor 4 in equation (7) should be in-
creased towards a limiting value of 4, without other
alteration. Numerical multipliers are inconsequential
in what follows, so we shall continue to write §.

Thus

M=T;Uy
42 , ,
= 3 Eijk Elmn Ou Nj fx Moy [ - 2 52 22" .

But
Eijk Elmn Oi = 5jm Okn — 5jn Okm -

4 2 ’ 4 ’ ’ ’
e M ==y fief = ni S fem) £ 5229

2
4; (cos py COS U3 —Cos Uy €S Uy) 2 82 (22" + PP
) ®)

when both parts of equation (6) are included, where 4,
is the angle between nx and n; (reverting to the earlier
notation), u; is the angle between the predominant
direction of the tail, as seen from parameter k& and as
seen from parameter /, i.e. zero in the helical case.

I is the angle between ny and the tail ,

and  pyis the angle between m; and the tail.

The derivation of equation (8) from equation (5) is
shorter than one found originally by the author, and
is based on some notes of Mr G. C. Fox.

If it is supposed that the vectors 2 and & (i.e. qy,
g», g5 and py, p,, p3) are scattered randomly around the
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central direction of the tail (with a scatter which in-
creases as § increases) then it may be shown that
equation (8) continues to represent a systematic con-

tribution to the element My; if it is multiplied by cos? ¢
where g is the angle between any one Q,, and the
predominant direction of the tail. Consequently, any
difference in direction of the individual 2 and &
may be ignored [we have implicitly set gr=f% in
equation (8)] and Q,, may be represented as the prod-
uct of a real unit vector and a complex scalar Q,,, and

'Qka:g Ia + gka@h = '%QkaQ lo *

Furthermore, it follows that as resolution increases,
the systematic effects of the geometry of the molecule,
as expressed by equation (8), become gradually less
important and increasingly overlaid by more random
effects due to the finer details of the structure.

We now apply equation (8) to an a-helical chain,
taking the parameters px in the order in which they
occur in the molecule, with the object of illustrating
the properties of such a system and of finding trans-
formations to aid in its solution.

Fig. 4 shows on a stereogram the directions of 8
consecutive parameter axes in the chain, these being
grouped in pairs, one pair per peptide, at angles w
apart, o being the screw angle which is closely equal
to 100° in the a-helix. The centre of the figure repres-
ents the helix axis. We also show two angles 7, and 7,
giving the inclination of these bonds to the helix axis.
We note that u;=0, u, and u, take the values of 7;
and/or 7,, and g is the angle between the two rotation
parameter axes concerned; thus

COS 4y =COS T4 COS T4+ sin 74 sin 77 cos nw ,

where i and j take the values 1 or 2 as appropriate and
n is an integer. Thus the first few expected values of
My are

Fig. 4. Stereogram showing the directions of eight consecutive
bonds of free rotation in an «-helix.
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4 72 . 2
My = =5 (cos? 7y +sin2 1y —cos? 71) Z' 52 {0/

472 . .
M1, = —— (COST; COS T2+ 8in 74 Sin T, — COS Ty COS T3)

3
) ~
'@ Z Sa Qla Q2a
o
4n2 .
My = - (cos? 7, +sin? 7; cos w—COS? Ty)
2
'% Z Sa Qlu Q3a
a
etc. Hence, defining
4n2 —
— 2
PU_ 3 Zsa‘%QfaQia’ (9)
a
M takes the form
J=1
I=1 sin2 Ty Pll sin T1 sin 75 Pia
sin 7y sin 7, Py sin2 7, Py
I=2| sin27; cos w Pj sin 74 sin 7, cos w P,
sin 7 sin 7, cos @ Py sin? 1,08 @ Pay
I=3\ sin27; cos 2w Ps; sin 7; sin 7, cos 2w Ps,
sin 7, sin 7, cos 2w Pg; sin? 7, cos 2w Pg;
J=2
I=1 sin2 7y cos w Py3 sin 7y sin 7, cos @ Pyy "+

sin 7, sin T, c0s w Py3 sin? 7, cos @ Poy

I=2 sin2 7y P;; sin 7y sin 7 Py
sin T1 sin T2 P43 sin? T2 P44

I=3 sin2 7y cos w Ps3 sin 7y sin 7, €0s @ Psy
sin 7; sin 7, cos @ Pg; sin2 7, cos @ Pey

etc. (10)

i.e. M consists of partitions each of them 2 x 2. If these
partitions are given indices I and J then each partition
is the same as the first vis g vis 7; and 7, and contains
also a factor cos (/—J) w.

4, Estimation of eigenvectors

Consider first two parameters p; and p, which are as-
sociated with the two rotatable bonds in a single pep-
tide. These two bonds are very nearly parallel, and
are physically close together. Now suppose that 4p;
and 4p, are equal in magnitude and sign, then the
effect of applying these rotations is, almost exactly, to
rotate the tail through an angle 24p about the mean
line of the two bonds. This is a gross disturbance of
the structure and the F’s will be sensitive to it. If, how-
ever, 4p, and 4p, are made equal and opposite, then
the structure is practically undisturbed, there being
only second order displacements due to the non-col-
linearity of the two bonds and displacements of those
few atoms which occur between the bonds. Evidently,
therefore, we may expect to be able to measure (4p; +
Ap,) but not (4p; — 4p,), and we should therefore seek
those linear combinations (such as A4p;-+4p,) which
can be measured, and to sort out, and suppress if
necessary, those linear combinations of parameters
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(such as 4p; — 4p,) which cannot be measured. 4p; and
4dp, are examples of correlated variables; a value cannot
be assigned to dp; alone unless 4p, is reliably known
(because only their sum is measurable), but the quant-
ities (4p1+ 4p,) and (dp,— 4p,) are uncorrelated, the
former being measurable despite the uncertainty in
the latter.

(4py+4py) and (dp,— 4p,) are the eigenvectors of
this two-parameter system and their eigenvalues are
respectively large and vanishingly small, this being the
mathematical expression of the above considerations.

In general, there are n eigenvectors for a problem
having »n parameters. Myoglobin, for example, has
nearly 600 such parameters, and, ideally, one would
determine all 600 eigenvectors — a job which can only
be done numerically, and it is clearly out of the quest-
ion to attempt this on grounds of time, costs and mach-
ine size.

It is therefore necessary to seek a compromise tech-
nique and for this purpose we consider the normal
matrix for a helical fragment and partition it into
blocks such that each block on the diagonal is a square
accounting for N peptides (i.e. order 2N). We then
find a perfect real orthogonal transformation matrix A
which will approximately diagonalize each of the diag-
onal partitions in M. The off-diagonal partitions are
also altered by the transformation, after which they
provide the interaction terms between the diagonal
elements in one diagonal block with those in another.
As will be seen later, the significant interaction terms
are few in number, and the net effect is to produce, for
the whole helical fragment, a band matrix of very much
reduced order.

For a chain which is not entirely helical the same
approach is valid, but each diagonal block requires its
own transformation to be found numerically.

The properties of the matrix (10) are readily studied
if we approximate P;; by |/ PPy within any one diag-
onal block. The extent to which this holds governs
the maximum value of N for which the resulting trans-
formation is valuable. Within this approximation each
diagonal block of M becomes a diadic, being the sum
of two diads

(1

in which the row vectors uT and vT are of the form

M=wuf+wT

ul= -V Pun.1, 2ns1 sin 7, cos (nw + ¢),
VPani2, 2ns2 Sin T, cOS (M +9), - - -
VI= - [V Pypi1, 2041 SIN 7y sin (n0+ ),

Vm sin T, Sin (}1(0+¢)’ e (12)

in which ¢ is an arbitrary constant and the integer
increases by 1 in alternate elements, i.e. with each
peptide. The vectors u and v have a simple physical
significance: the trigonometrical factors in each com-
ponent are proportional to the displacement of the tail
per radian of displacement in the corresponding par-
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ameter, measured in each of two directions at right
angles on a plane normal to the length of the tail (see
below), and the factors |/P represent the sensitivity of
the X-ray observations to such displacements. The
angle ¢ represents a reference direction for azimuthal
measurements in this plane and may be set to zero
without loss of generality.

Now, the eigenvectors, of which there are only two
with non-vanishing eigenvalue, must each be of the
form au+ bv, being coplanar with u and v.

ie. (wuT +vvT) (qu+bv) = A(au+ bv)
where 4 is the eigenvalue. Rearranging gives
w(auTu+buTv— Aa)+v(avTu+bvTv—Ab)=0,

in which the round brackets are both scalars. A linear
combination of two non-parallel vectors can only van-
ish if their coefficients vanish; i.e.

auTu+buTv—la=avTu+bvTy—2Ab=0,

whence
i__é:zA,
a

5 (13)

a J——
=A% V1+ A2
where

uTu—vTy

ulv+vTu

2 (Pans1, 2041 SI02 Ty + Panyz, 2ny2 SIN2 T5) €OS 2000

__ n=01..

P (P2n+1, 2n+1 sin2 Ty +P2n+2, 2042 Sin2 Tz) sin 2nw ’
n=0,1...

Defining 6 by
0:
arg 2 (P2n+1, 2141 sin2 T1+ Ponya, 2n42 sin? 7,) e2ine,

n=0,1...
(14)

then b=sin 6

are unnormalized solutions to equations (13). The two
choices of sign lead to the two eigenvectors.

If the dependence of the round bracket in (14) on »
is ignored (i.e. if the ‘weight’ of the tail is regarded as
essentially constant over N peptides) then

A=cotf a=cosf+1

N-1
O=arg 2 e?n2=(N—1)w;
n=0

if, on the other hand, we attempt to represent the var-
iation in the weight of the tail within the group of N
peptides by writing

(P2ns1, 2041 SIN2 Ty 4 Py, 2nys SN2 T5)

=c+nd, ¢, dconst ,
then it may be shown that

0=(N—1Dw—«a (15)
where
2 =tan-1 [Ncot Nw—cot a)]
2c/d+(N-1) |’

but for the sake of clarity of illustration we shall ignore
this refinement, except to point out that N-peptide
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groupings near the head end or near the tail end of a
helix differ principally in their values of c.
The unnormalized eigenvectors are then

auT 4 bvT
=[cos (N— 1w + 1]
x (+++, VP sin 7; cos nw, |/ P sin 1, cos nw, - * )
+sin (N—Dw
X (- ++, }/Psin 1y sin nw, /P sin 7, sin nw, - - )
n=0,1---N—-1

from which the normalized eigenvectors may be shown

to be
. N-1
sin 7, cos( 3 —n)w
’ . . N-l N—1 ’
(sin?t; +sin2ty) X cosZ( -—n)co
n=0
. N—1
sin 7, cos( 3 —n) w
n NI N—1
(sin?7y +sin2ty) X cosz( —n)w
n=0

for one vector with sin replacing cos in the other one,
the dependence on 7; and 7, being unaltered.
The eigenvalues may then be obtained from

A=eT(uuT +vvT)e=(uTe)2+ (vTe)?

where e is a normalized eigenvector. This leads to

. . Ni2-1 N-—1
A=2P (sin2t; +sin?ty) X cosz( 3 —n)w
n=0

for N even for the first eigenvalue, with sin replacing
cos for the second one. If N is odd we find

. . (N=3)2 N—-1
A= P (sin?7; +sin2t,) [1+2 x cosz( —n)cu ]
n=0
for one eigenvalue, and
. L Wb N
2P (sin?t; +sin27,) X sin2 ( —n)w
n=0

for the other.

Now, we take as an example the case N=4, giving
diagonal blocks in M of order 8. The foregoing analysis
has shown that such a block approximates a matrix of
rank 2; there must also be six other eigenvectors which,
with the first two, form an orthogonal set, but which
have eigenvalues negligible in comparison with the
first two. These are not unique, but a suitable set may
be found by rearranging components in the two already
found, giving the transformation matrix A below. Here
each row relates to a parameter, numbered as in Fig. 4,
and the columns are the eigenvectors. The ordering of
the columns is arbitrary, and the choice here is such
that the ¢ vector is the first vector found above and the
o vector is the second. These vectors will be referred to
by the Greek letters, as indicated.
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A= o B y é
[ +am —by —ab, 0
P2 +b1a2 +a1 —blbz 0
P3 +a1b2 0 +a1a2 —b]
Da +bib, 0 +ba, +a
Ps —ale 0 —aa 0
Ds —bb, 0 —ba, 0
)4 —a1a; 0 +a1b, 0
Ds ____blaZ 0 +b1b2 0
e 4 n g
o tabs 0 +aa; 0
P2 +b1b3 0 +b1a3 0
D3 +aa; 0 —ab; 0
Ps +bas 0 —bbs 0
Ds +a1a3 —b1 —a1b3 0
§ 23 +b1a3 +a1 —b1b3 0
P +a1b3 0 +a1a3 _bl
Ps +bb; 0 +ba; +a; i
(16)
in which
sin 7, sin 3w/2
U= Vsintr, rsiner, L © . 3w\
! z VZ (sin2 -~ +sin2 —*)
2 2
sin 1, sin w/2
b1= Vs, Temin, o oy
! z VZ (sin2 — +sin? ——)
2 2
cos w/2
%= I
2 9 2 _._,)
VZ (cos > + cos 5
cos 3w/2

b3 = 3
2 @ 2 _2)
V2 (cos > +cos 5

The transformed matrix
A=ATMA

within an 8 x 8 diagonal block is then given approx-
imately by

A=diag ( 2(sin2t; + sin2ty)

. . .3 . .
x P (st % + sin? Tw) ,0,0,0,2 (sin27; + sin27,)

w 3w
x P (cos2 — +c082 ——

= 5 ),0,0,0 )

5. The interpretation of the eigenvectors

If we insert the approximate values of «w=100° and
7y=13, A may be evaluated as

* In any real computation 7y, 72> and w would be given
their real values, but for the purposeof discussingthecharacter-
istics of the problem the difference of a few degrees between
71 and 7, may be ignored.
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o B y é
[ 02732 —-07080 —0-4185 0
D2 0-2732 07080 —0-4185 0
D3 0-4185 0 0-2732 —0-7080
D4 0:4185 0 0-2732 0:7080
Ps —0-4185 0 —0-2732 0
DPs —0-4185 0 —0-2732 0
J 2 —0-2732 0 0-4185 0
ps | —0-2732 0 0-4185 0
] 4 n 6
D1 —04022 0 0-2985 0 ]
D2 —0-4022 0 0-2985 0
D3 0:2985 0 0:4022 0
Ds 0:2985 0 0-4022 0
Ds 02985 —0-7080  0-4022 0
Ds 0-2985 0-7080  0-4022 0
) 2 —0-4022 0 0-2985 —0-7080
Ds —0:4022 0 0-2985 0-7080 __:

The combination of rotations +0:2732° about n,,
+0-2732° about n,, efc., as given in the o column, gives
a combination of displacements which may be meas-
ured with an error proportional to 1/)/A, where 2, is
the « eigenvalue, which appears in the 11 position in
A, i.e. it is measurable. A also indicates that the ¢ com-
bination is also measurable, slightly more accurately,
but that a virtually infinite error is associated with the
measurement of the remaining six combinations.

It was indicated at the beginning of § 4 that we could
not expect to measure (dp; —4p,) etc., and this fact is
expressed in the above formulation by the vanishing
eigenvalues associated with the f, 4, { and 8 combin-

ations. Thus any experimentally determined combin-
ation of rotations will contain an indeterminate con-
tribution from these four eigenvectors unless we filter
them out.

We next consider why it is that the y and # eigen-
values are vanishing whilst the « and ¢ ones are not,
and from this it will be clear why there are only two
non-vanishing ones, and the consequences of our linear
tail approximation (i.e. all Q’s parallel to the axis) and
of our neglecting of differences among the Py will
become clearer.

In Fig. 5 we construct figures illustrating the move-
ment of a point on the helix axis somewhere in the tail.
Starting from O in the « diagram the first arrow rep-

resents the linear displacement arising from a rot-
ation of +0-273° about n; and about n,, the next arrow
represents the displacement due to a rotation of
+0-418° about n; and ny4, these axes being 100° round
from the first, the figure representing the trace of the
helix axis on a plane normal to it. We continue in this
way to find the resulting displacements, from which it
is clear that the « and & combinations represent tilts
of the tail about the 4-peptide grouping, in two planes
which are at right angles, the magnitudes of these tilts
being proportional to the square roots of the corres-
ponding eigenvalues. When we have thus accounted
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for two tilts in planes at right angles to one another
there remains no other possible tilt of the tail which
could be mathematically orthogonal (and therefore
also geometrically orthogonal) to the first two. It is
for this reason that the y and # combinations are self-
cancelling with respect to tilts of the tail and have cor-
respondingly vanishing eigenvalues. These consider-
ations indicate that whatever number of peptides be
included in the group, we shall never expect to get
more than two large eigenvalues. This has its value in
that the configuration of an a-helix may be refined at
an early stage, with the use of only these two largest
eigenvectors per group, which is sufficient to allow the
helix as a whole to wriggle a little without allowing the
situation to become confused by insignificant move-
ments within each group, and for this purpose groups
larger than four peptides may be worth while.

In the above derivations we have supposed, for the
purpose of estimating A, that the tail is a line structure,
so that the direction of each Q is along the helix axis.
This being so, the above tilts are the only meaningful
rotations of the tail about axes in the groups of pep-
tides. As soon as the tail is regarded as having thick-
ness, however, rotations about the helix axis become
meaningful. Since all the movements are compounded
of rotations, and since the « and ¢ tilts can be regarded
as rotations about mutually perpendicular axes normal
to the helix axis, it follows that there can be only one
other rotation which is mathematically (and geom-
etrically) orthogonal to these two, this being about the
helix axis. This means that if we had made allowance
for the finite thickness of the tail, then we should have
found one and only one combination of rotations equiv-

alent to a rotation of the tail part of the helix about
its own axis, but we have not done this, and the result-
ing combinations are therefore not orthogonalized with
respect to this type of rotation. It follows that we may

(o}
Y
a (o]
(o]

Fig. 5. These figures represent the trace of the helix axis on a
plane normal to it at a point somewhere in the tail when
certain combinations of rotations occur in a group of four
peptides. The « and & combinations of rotations result in
tilts of the helix in two planes at right angles, whereas the
y and n combinations of rotations are self cancelling and
leave the helix straight (if it was originally straight).
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expect any of the combinations we have found to in-
clude some twisting, and it turns out that the ¢ and a
combinations do, to different extents, and that the
others are all free of it. Thus by using the idea of a
linear tail, we have not been prevented from finding
eigenvectors which involve rotations about the helix
axis; we have simply been prevented from estimating
their eigenvalues correctly. The zero value which we
have found for the # eigenvalue corresponds to the fact
that a rotation of a line about its length is undetectable.

If an actual numerical matrix M is computed from
the coordinates of a structure, however, it will contain
information dependent on the tail thickness. Therefore
if such a genuine matrix is subjected to the transform-
ation A it must yield a small but positive element on the
diagonal in the # position.

For the purpose of estimating the movement of the
tail some distance from the peptide grouping, it is
sufficient to regard the rotation axes in the group as
being grouped together in a region of negligible volume,
i.e. as being concurrent. However, no amount of rot-
ation about concurrent axes can produce an elongation
or contraction of the helix along its length. In order
to estimate this effect it is necessary to recognize the
finite spatial extent of the group of peptides. When this
is done, it is found that the elongation produced by any
combination of rotations is proportional to the radius
of the helix, to sin 7, and to the sum of the components
of the combination concerned. Thus the ratios of the
elongations produced by the «, y, ¢ and # eigenvectors
are 0:0: —0-1037: +0-7007. Thus the # vector, in ad-
dition to rotating the tail about the helix axis, also
alters the helix length. Since the ¢ and # vectors both
affect length it is clear that they are not mathematically
orthogonal (i.e. they remain slightly correlated). The
matrix algebra given above has failed to orthogonalize
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these vectors with respect to elongation, because we
have ignored the radius of the helix and supposed all
the Q vectors to be parallel, whereas peptides on op-
posite sides of the helix must have Q vectors whose
directions differ by an amount depending on the diam-
eter of the helix. If this effect were estimated it could
be included in the analysis by modification of the values
for the angles u substituted in equation (8). Here we
have, in effect, replaced the group of peptides by a
structureless pivot, rotations about which cannot prod-
uce elongation.

We summarize these results in Table 1, where the
entries are proportional to the diplacements concerned.

Table 1 reveals one adverse characteristic of the
system, however. It shows that the ratio of twist to
dilation is the same for all the combinations, so that
it is not possible to produce a dilation independently
of a twist, and vice versa, though both these move-
ments may be made independent of tilting. The reason
for this is that in this scheme inter-bond angles have
been held constant at their initial values, only swivel-
ling movements being permitted because these are the
chemically permissible movements, and the treatment
rests on the assumption that the starting coordinates
have the correct local stereochemistry. However, the
deficiency may be made up, if necessary, by introduc-
ing spindle vectors n which, instead of being aligned
along the freely rotating bonds, are situated at C,
atoms and normal to the C-C,_-N plane. Parameters
associated with these rotation axes would then decouple
twisting from dilation by allowing variations in the
inter-bond angles at C, to take place. In the present
scheme, however, it is apparent that with groupings
of four peptides it is only likely to be worthwhile re-
fining the «, ¢ and # vectors, i.e. three quarters of a
parameter per peptide.

Table 1. Summary of results

Tilt
(i.e. bending of the helix about the
4-peptide group)

Combination

o In plane containing helix axis and bisector
of acute angle between n; and ng

V 2P(sin2 71 +sin2 73) (sin2 2+sin2 —32>

2 2
4 0
£ in plane L to a tilt
‘/ 2P(sinZ 7y +sin? 7)) (cos2 %+c052 —3;—’)
n 0

(i.e. rotation of tail part
of helix about its axis)

Dilation
(i.e. linear expansion
parallel to helix length)
(¢ =radius of helix)

Twist

0 0
0 0
csw+os3w sint cosg+cos3—w
COS T o} T C 3 4] 3 3
‘/cos2 £ + cos? —3-01 ‘/cos2 @ + cos? —3—(3
2 2 2 2
o _ 3—(0 sin T cosﬂ—-cos:;—w
cos 7 [ cos > cos 3 '] > >

[} 3w 1] 3w
el 2 29 2 @ 2 29
Vcos 5 +oos? = Vcos 5 +cos?
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6. Anchor refinement

So far we have considered only parameters within
the chain, but it is clearly also necessary to allow the
anchor (or nose) of the molecule freedom of translation
and rotation.

The three translational degrees of freedom are simple
to handle, the derivatives dF,/dx, dF,/Cy, OF, [0z being
components of the vector 2xis F, where F, denotes the
scattering factor of the molecule, which may or may
not be the crystallographic F, depending on the num-
ber of molecules in the cell. This will lead to a 3x 3
block on the diagonal of M, which is expected to be
well conditioned, because, generally, there is no dir-
ection of translation (for the entire molecular fragment
attached to the anchor) to which the F’s are insensitive,
though exceptions to this can occur.

For the orientation freedom we permit rotations of
the whole molecule about axes parallel to the adopted
Cartesian axes passing through some chosen anchor
point. The centroid of the tail is a good choice as this
minimizes correlation between translation of the whole
molecule and rotation of it. If the molecule or molec-
ular fragment being refined is rod-like with direction
cosines cos o, COS 0, COS g3, then it may be shown
that the transformation matrix

COS g1 —sin o, 0
—CO0Ss 03
COS 0, cot g, cos o, —_—
A= sin g,
COS 05
CoS 03 cot g, cos 7, —_
sin o,

represents, in the first column, a rotation of the rod
about its length, for which the corresponding diagonal
element in ATMA is small, and the other two columns
represent tilts of the rod about axes perpendicular to
its length, to which the X-ray observations are sensitive
even at low resolution.

7. Application

The foregoing discussion has been primarily concerned
with blocks on the diagonal of M and we now wish to
propose an approach to the solution of M as a whole.

Suppose that the parameters in the main chain of the
molecule are arranged in M in the order in which they
occur in the molecule, and that M is divided into
partitions mz, with the m;; square though not neces-
sarily all of the same size. Then for the transformation
ATMA write

A11 A12~ .o
A= Au Az
Alm; Ay AfmpAg,. ..
—[ ALmyA;, ALmyA,,

LEAST-SQUARES REFINEMENT OF FLEXIBLE LONG-CHAIN MOLECULES

AT, O...
=[O0 A}

my;
my;

m,...
my;

Al] O-.-
0 A

so that each A;; diagonalizes the corresponding my;,
being found either numerically or by the foregoing ap-
proach, and solve for those elements of ATAp for which
the corresponding diagonal elements of A are large.
Elements of AT Ap for which the diagonal elements of
A are very small may be ignored (set to zero) provided
that they are not severely correlated with any in another
partition for which the diagonal element is large and
for which a determination is being made. Estimates of
the partitions A7, m;yA;; become less reliable away
from the diagonal, but with this reservation it may be
shown that two diagonal blocks of order 8, (N=4),
in an o-helical part of the molecule are related by an
off-diagonal block AT, m;sA ., of the form

VA sin 4= Jyw V4,2, cos 4~

expanded to order 8 by insertion of three rows (col-
umns) of zeros at each row (column) of dots, where
A, is the « eigenvalue in one diagonal block, A, its value
in the other and similarly for A, and 2.

This indicates that the two eigenvectors in any dia-
gonal partition which represent a bending of the helix
as a whole are strongly correlated with the corres-
ponding vectors in a neighbouring partition, but that
those vectors which are self cancelling in the displace-
ments they produce are not appreciably correlated
with the important eigenvectors, « and ¢ of other blocks.
This means that we may, for example, refine a structure
at low resolution by deleting those rows and columns
in A which are represented above by zeros and the
resulting solution is then one in which the helix as a
whole is permitted freedom to adjust itself to fit the
X-ray observations by bending in any direction, with
one pair of bend measurements for each turn of the
helix. The deletions mentioned above are equivalent to
ignoring minor alterations of structure of a local nature,
such as the y-vector, which represents a combination
of rotations around bonds of a kind which transmits
no disturbance to the tail. This concentration of at-
tention on those combinations of displacements which
affect the course of the chain as a whole is just what
is required in the earlier stages of refinement.

We are then left with a band matrix of much reduced
order and one must consider what width of band is
required. The above estimate of the blocks A, mssA s
is based on a calculation which supposes that neigh-
bouring groups of N peptides carry essentially the same
tail, i.e. the geometrical factors are taken into account,
but variations in the quantities P are not. Consequently
the above estimate indicates that the « and ¢ vectors
of one partition are together totally correlated with
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those in another, for any (I—J), i.e., all such off-
diagonal blocks are important. However, the situation
is not as bad as this. To say that the correlation of
these vectors in neighbouring blocks is total is equi-
valent to saying that a bend of a few degrees in the
helix as a whole located at one turn of the helix is
indistinguishable, X-ray-wise, from the configuration
produced by the same bend applied to a neighbouring
turn of the helix. Clearly, for neighbouring turns, these
two displacements are difficult to distinguish, and
therefore correlated, but taken over several turns the
distinction must improve on account of the scattering
material located between the bending sites (correlation
must fall because of variations in P). It must therefore
be a matter of experience to determine the number of
off-diagonal blocks required, but it is expected that a
maximum value of (/—J) about 4 may be sufficient
for 4-peptide groupings (N=4).

8. Summary

It has been the object of this paper to show that by
choosing appropriate parameters, p, and by choosing
appropriate linear combinations of these, we may not
only reduce the number of unknowns to be determined,
but may also make ‘refinement’ a worthwhile operation
at an early stage of analysis in a structure rich in a-helix,
and in other structures if numerical diagonalization is
used.

Certainly an electron density map at 6 A resolution
does not in itself determine atomic coordinates, but
it does delineate the course of an a-helix. It follows
that any combination of parameters (e.g. the « and ¢
vectors) which affects the course of the helix as a whole
is refinable at this resolution. Similarly, if the resolution
is high enough for the thread on the screw to be
discernible, then parameters (such as the #» vector)
which relate to dilation and twisting are refinable. The
generalization is that we may say that if we properly
diagonalize the matrix M to yield A, then just as one
proceeds from low to high resolution in solving the
structure, so may we simultaneously proceed from re-
finement of a few eigenvectors with the largest eigen-
values towards those with smaller eigenvalues, the pro-
cess being limited at every stage by the resolution with
which the structure is determined.

Clearly this presupposes that it is possible to write
a set of chemically reasonable starting coordinates
which are nearly enough correct for refinement to con-
verge. This may be achieved in the a-helical regions by
inserting coordinates corresponding to some standard
o-helix in the positions indicated roughly by a low
resolution electron density map. The coordinates re-
sulting from refinement of these will correspond well
to a helix with the right course, but, of course, they
will only correspond to the true atomic coordinates
when resolution is high enough to determine also the
azimuthal angle of the helix about its own axis. If this
condition is satisfied, then the resulting atomic co-
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ordinates must already be very close to the true values
unless the true structure is a good deal less regular
than is to be expected. For example, if the planes in
which the peptide groups lie genuinely make a variety
of angles with the helix axis, making a somewhat rag-
ged helix, then such a structure could not be represented
by a standard a-helix except by modifying the latter
with displacements such as the f combination, which
we expect to be unmeasurable — only in such unlikely
circumstances would the refined atomic coordinates
fail to come close to their true values when the f3, y, J, {
and 8 vectors are suppressed.

I'should like to make acknowledgement to the referee
whose comments on the first draft have led to signi-
ficant improvements.

APPENDIX I

On the relationship between correlation coefficients
and the eigenvalues and eigenvectors of two-dimensional
sections of the representational ellipsoid of M

If the parameters shifts, 4p, which are found by a least-
squares analysis are modified slightly by amounts dp,
then the sum of the squares of the errors, o, (which is
minimized by Ap) is increased by an amount éo given by

6o = dpT M op

(¢f. Diamond, 1958). Thus the surface in p-space
opTMop =const. is a contour of constant error in the
vicinity of the least-squares solution. If we suppose
that the least-squares analysis is done many times with
many sets of data, then the solutions obtained (points
in p-space) will be normally distributed about the ideal
solution, forming a cloud of points with density
p” M p

5 a7

where A is a normalization constant and B is a variance
given by

Aexp—rx

w (4F)?
(n—f) ~°

w being a weighting factor and (#—f) the number of
observations minus the number of independent param-
eters determined.

Now the correlation coefficient between two variates
x and y in statistics is defined by

B=2nX

Czy = /111/1//102 #;) (18)

where

wo =\ s o-pyseon axay,

— 0

(19)

where f(x, y) is the distribution of x and y, X and j are
the means of x and y and u;; is the 7, jth moment of
the distribution (Cruickshank, 1959). Thus to determine
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the correlation coefficient between two parameters pg
and p;, say, we consider these parameters to be nor-
mally distributed variates according to (17) and evalu-
ate (18) using (19). Now (17) describes the over-all
distribution of all the parameters of the problem,
whereas the correlation coefficient relates to these in
pairs, so that we must consider just two among the
many involved in (17), or figuratively, we must consider
two-dimensional sections of the poly-dimensional el-
lipsoid 8p7”M&p =const*. Such a two-dimensional sec-
tion is necessarily an ellipse, the principal axes of which
do not necessatily coincide either in magnitude or
direction with the principal axes of the ellipsoid of
which it is a section. This is easy to see in three dimen-
sions. Then

#11=S S 5pk5p?Akzexp(—%[5piMkk+
«© — 0

2 8p1 5py Mgy + Op? Mzz]) doprddp,  (20)

in which the contents of the square brackets now re-
present the elliptical section, and the normalization
constant Ax; now depends only on Mg, My, My, and
B. We have taken a central section of the ellipsoid
(i.e. set dpm=0 for m#k or ) as this simplifies the
algebra. Non-central sections need only be considered
if the total correlation coefficient is sought.

Now suppose the semi-principal axes of the elliptical
section make an angle @ with the axes pi and p; and
are of lengths a and b, and then transform variables to
o and f§ according to

dpg=a cos O+ f sin 0
opy=—asin 8+ f cos b

with unit Jacobian, then (20) becomes

© © 2 2
Uy = S S [ﬁ 2a sin28 + aﬁcos20]
T /o2 p?
X Agiexp— 3 (—a—z— + ﬁ)dadﬁ ,
in which the term in «f contributes nothing to the
integral in the range —oco—>c0 and integration gives

A];z B2gbsin26

Hii = 7 (b2—a?) .
Similarly
oo = ﬁ%ﬁ:ﬂ (@2cos2 B + b?2sinz§)  (21)
and
Hoz = _4,‘,,211_2_(12 (b2 cos2 0 + a?sin? ),

* Strictly speaking such a two-dimensional section of the
ellipsoid determines the partial correlation coefficient between
pr and pi. The total correlation coefficient between px and pi
would be obtained by considering a projection of the distri-
bution (17) on the px—p; plane. See, for example, Weather-
burn (1949), Ch. XII.
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whence

C = Hu - bja — a/b
Vitoa o Vcot28 + b2/a? + a2[b? + tan? §
(22)

from which it is clear that the correlation coefficient
vanishes if the ratio a/b is unity (ellipse circular; sect-
ional eigenvalues equal) or if 8 is a multiple of 7/2, i.e.
if the ellipse is aligned with its axes parallel to the axes
pr and p;, which occurs if the element Mjy; is zero. In
the foregoing paper we have attempted to minimize
correlation by working with combinations of param-
eters which in p-space are nearly parallel to the prin-
cipal axes of the ellipsoid.

By the substitutions y=Ilog (b/a) and z=log tan 0,
C may be written

C= sinh y
Vcosh (y+2z) cosh (y—z)

which, for §=45° gives C=tanh log (b/a). In Fig.6 we
give a graph of the partial correlation coefficient as a
function of @ for values of log (b/a) corresponding to
ratios of sectional eigenvalues up to 1: 180. These curves
show in particular that the greater the ratio of sectional
eigenvalues, the more precisely must 8 be determined in
order to yield a small correlation coefficient, which
could mean that the angle o of equation (15), § 4, should
not be ignored and the resulting transformation (16)
should be modified accordingly. However, the trans-
formation (16) contains implicitly the transformation

a —'bl
by a
in four positions. This is equivalent to a rotation

through an angle 6 (in the notation of this appendix)
given by

sin 74

cosf=ag =—————
Vsin2 7, + sin2 7,
and it may be shown that, if variations in the quanti-
ties P are taken into account to find an ideal rotation
angle 8; then the angle @ given above differs from the
ideal value by a residual angle 8, given by

Or~% . (P11—P2)/ P2

45° 135°

Rt

Fig. 6. Plot of the partial correlation coefficient between two
variables as a function of 6 for values of log (b/a)=1% log
(A1/A2) by intervals of 0-4 up to 2:0 and at 2-6. The limiting
forms are (b/a— a/b) sin 26, when b~a and the square wave
when b/a approaches 0 or 0.
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i.e. 8,<15° if the quantities P are closely similar, as
is to be expected, especially near the head end of the
molecule,

Now, if Juyq is the r.m.s. error in the estimation of
the combination (p, cos 8+ p, sin §) then it may be
shown that

V (K20)er = cos O, l/l + —/ll—tan2 6r
(#20)6r=0 Az

where 1,/4, is the ratio of sectional eigenvalues, i.e.
eigenvalues of

( My My )
My My,

This function is plotted in Fig.7, and though this
treatment is limited to partial correlation coefficients,
it does indicate for a large ratio i,/4,, i.e. for an ill-
conditioned problem such as this, that provided the
transformation angles 6 are correct to within a few
degrees then the determination of an important com-
bination of variables is achieved with a standard devi-
ation greater than its ideal value by a factor which ap-
pears as ordinate in Fig.7. This is clearly not an ex-
haustive study of the characteristics of similarity trans-
formations which only approximately diagonalize a

. (pzo)e'
] (p20)€r=0

S

15 <10 -5 0 5 10 15
6r degrees

Fig. 7. Plot of the standard deviation of the determination of
a parameter as a function of the residual angle 6, between
the parametric axes and the axes of the ellipse, expressed
relative to its value at 8, =0, for values of log (b/a) equal to
0 (horizontal straight line), 1, 2, 3 and 4. The curve for
log (b/a)= — 00 occurs just below the horizontal line.
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matrix, but it does give some indication of the accuracy
required of the rotation angles of which any similarity
transformation may be made up.

APPENDIX 11
Space-group effects

Space-group effects may conveniently be divided into
two parts as follows:

(1) The effect of non-Cartesian coordinates.

The analysis of this paper has been given entirely in
terms of Cartesian coordinates. The results may be
carried over into the crystallographic system provided
we can evaluate the quantities

JF,
3p1;

=2mi(s, X ng).Qy
and

T
Que = Zrre fruexp2mi Ry . s,
¢

i.e. a formulation of the vector triple product must be
found. Here

s is a Cartesian vector measurable in A-1.

r is a Cartesian difference vector measurable in A.

R is a Cartesian position vector measurable in A.

Q is a complex Cartesian vector measurable in e.A,
and

n is a Cartesian vector whose magnitude is the pure
number unity.

Let s¢, r4, Ry, Q1, 14 be the components of these vect-
ors, and let Ay, xq, Xy, qu, ug be their crystallographic
counterparts; i.e. the first three are pure numbers and

g =2x fexp2nih.X.
Then r, R, and Q transform according to
Qi = Auq
in which the elements of A are in A. Then if
n = Ay u

is to be dimensionless, #; must be in A—l, and if we de-
fine a vector v whose components are the (pure number)
differences of the crystallographic coordinates of points
which define the ends of the spindle vector n then

uy = vyfv

where v=|Aywi| is the spindle length in A.

Finally s;=Byh;, where A and B are related by
ABT =], the identity matrix.

We give the results for the general triclinic case using
the usual angles «, # and y and also angles A, B, I
which are the angles in the corners of a spherical
triangle whose sides are «, 8, y. The matrices A and B
may then be written
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"

B= (asin B sin ')
0
0

asinfcosI” bsina O

asin fsin I’ 0 0 )
acosf

bcosa ¢

(—bsin o tan I")™!
(b sin a)~!
0

(—csin a tan B)™1
(—ctana)!
c—l
The required triple product is then
eijk Q1 55k = €ijk Ait Bim Akn i hmin = Cimn g1 hmun

where
Limn = €igk Ait Bym Akn

from which we obtain

Conm — o = ac sin B
1237 72T sin Asin I
e —Cip = absin I’
a1 = T csin A sin B
besin A
=G = asin BsinI”

b= —Co1=0=—Ciz3=a/tan 4
L= —C32=Cie= —(u=b/tan B
Gun=—Cis=lm=—{m=c/tan I’

and the remaining nine elements of { (those with first
and last suffix equal) vanish.

In computation of dF,/dpy it is convenient to evaluate
all the derivatives of a particular reflexion at a time,
i.e. k varies in the inner loop and « in the outer loop.
Hence the derivatives may be written

21i (g2, 9y, 92) 0 & & Uz
& 0 ¢ Uy
-& & 0 Uz

where the quantities
bc sin 4 c b

él=h'asinBsinI“_ "tanI’ " tan B
£ = — c k .acsin B a

z- "tanI’  bsinAsinIl "tan 4
&= —h b _ a l.absin I’
3 " tan B “tand4 = csin Asin B

need only be calculated in the outer loop, and contain
only constant multiples of #, k and L

(2) The effect of the plurality of asymmetric units

In structure factor calculations one must take ac-
count of symmetry-related positions; in this work one
must also take account of symmetry-related directions.
Unfortunately, it is not feasible to give a generalized

LEAST-SQUARES REFINEMENT OF FLEXIBLE LONG-CHAIN MOLECULES

treatment here, but we give the results for space group
P2,, and others may be dealt with similarly.

In this paragraph we use unprimed variables to de-
note one asymmetric unit, and primed variables to
denote the corresponding quantities in the second asym-
metric unit. Thus

1 JoF
2ni * op
0 _63 52 Uz
= (92,99, 92) ) 0 =& Uy
_52 fl 0 Uz
o 0 —& & i,
®(qxaqyaqz) 53 0 _61 u;
-& & 0 u,

in which the encircled sign would be reversed if the
relationship between asymmetric units were enantio-

morphous.
Now in P2,
U,=—uz Uy=uy U,=—1Us
whence

AR PRI AR ACSTA
+ uy [&1(g2+47) — & (9z+45)]
+ u;[& (92— q%) — & (@v—a5)],
so that we must calculate the five complex quantities

(9z+9%)> (@z—4%), (@v—43), (g=+9¢7) and (¢2—¢;)-
Now
qz=Zxfexp2ni(hX + kY +1Z),
g, =—Zxfexp2ni(—hX+ kY —1Z + k/2)
qy=2yfexp 2ni(hX+kY+I1Z),
g,=2yfexp 2ni(—hX+kY—I1Z+k/2)
qz=2zfexp 2ni(hX +kY+1Z),
g.=—Xzfexp 2ni(—hX+kY —1Z—k[2)
from which we obtain,

for k even for k odd
(Ge+q)=2Zxfsin 2n(hX +1Z)
x [—sin 2nkY +i cos 2nk Y]=(qz—q,)
(s —9q5)=2Zxf cos 2n(hX +1Z)
x [cos 2nk Y +i sin 2nk Y]=(g9z+q".)
22yf cos 2n(hX+1Z)
x [cos 2nkY +i sin 2nk Y]=(qy—q,)
(qy—q,) =22yf sin 2n(hX +1Z)
x [—sin 2nk Y+ i cos 2nk Y]
(g:+q.)=2Zzf sin 2rn(hX +1Z)
x[—sin 2nk Y +i cos 2nk Y1=(q:—q)
(gz—¢q5)=22zf cos 2n(hX+1Z)
x [cos 2nk Y +i sin 27k Y]=(g.+q,)
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F=2Xfcos 2n(hX+1Z)
x [cos 2nk Y +i sin 27k Y]

22fsin 2n(hX +1Z)
x[—sin 2zkY+icos 2nkY]=F,
which may be summarized by saying that if & is the
geometrical structure factor for any &, and ¥ is the
geometrical structure factor calculated as if the parity

of k were opposite to its true value, then for odd or
even k

F=XfF, @z+q)=2xf%, (Ge—q)=2x(F,
Gv—a)=29%, @:+q.)=22(%, (q:—q)=2zf(F .
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The Modes of Hydrocarbon Chain Packing

By E.SEGERMAN*

Lever Brothers Company, Research and Development Division, 45 River Road, Edgewater, New Jersey, U.S.A.
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The symmetry of a saturated hydrocarbon chain in extended #rans configuration and indeterminate
length is reviewed. A uniform row of such chains is defined so that the chain axes are parallel, coplanar
and equidistant, and that the planes of the carbon atom zigzags of all the chains are parallel. The
symmetry within such a row is stated, and all the possible symmetry relations between such rows when
they are parallel, adjacent and identical is investigated. Making reasonable assumptions concerning
dimensions, packing efficiency and stability, four different relations are found when the chain axes of
neighboring rows are parallel, and seven different relations are found when the axes are not parallel.
All the possible chain-packing subcells that could be made up of such rows are constructed, subject
to the limitations that the subcells extend over no more than two rows, and that the same symmetry
relation exists between all adjacent rows. Ten different subcells are thus generated when all the chain
axes are parallel, and thirty-one when they are not. It is found that the eight reported chain-packing
modes are all included among these. It is shown that the symmetry of three of the six reported subcells
in which the chain axes are all parallel is higher than was previously assumed. An attempt to relate the
frequency of occurrence of the various subcells to the van der Waals energy as calculated by the Salem

method failed.

Introduction

Eight hydrocarbon-chain packing arrangements have
been described from single-crystal structure determin-
ations, six of which have all the chain axes parallel
and the remaining two have the chain axes of alternate
layers crossed. Another packing arrangement, the hex-
agonal, has been postulated from powder data but its
structure is unknown. Still another, the ‘ideal’, has had
its structure described in detail (Kitaigorodskii, 1961)
but it has never been observed.

The purpose of this communication is to relate the
described modes by generating them from symmetry

* Present address: Unilever Research Laboratories, Chem-
ical Physics Division, Port Sunlight, Cheshire, England.
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operations between uniform rows of chains. This ap-
proach not only leads to simple classification of all the
known packing modes, but it may indicate what new
ones might be found.

General considerations

The lateral van der Waals forces between hydrocarbon
chains within a crystal structure are rarely so strong,
compared with end-packing forces, as to make the ef-
fect of the end packing completely negligible. This ef-
fect becomes evident when the total crystal symmetry
is lower than the chain packing symmetry. Conversely,
these forces are rarely so weak in comparison with the
forces in other parts of the structure that the chains
are not able to assume a uniform, compact, stable and



